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Abstract
We study several classes of non-associative algebras as possible candidates for
deformation quantization in the direction of a Poisson bracket that does not satisfy
Jacobi identities. We show that in fact alternative deformation quantization alge-
bras require the Jacobi identities on the Poisson bracket and, under very general
assumptions, are associative. At the same time, flexible deformation quantization
algebras exist for any Poisson bracket.
1 Introduction
The deformation quantization program considers a deformation of the algebra of functions
on some manifold in the direction of a given Poisson bracket. The deformed algebra is an
algebra of formal power series of the deformation parameter equipped with a new product,
called the star product. In the classical setting [3, 9, 23], the star product is assumed to
be associative. Hence the Poisson bracket has to satisfy the Jacobi identities.
However, some modern applications to magnetic backgrounds in field theory [13],
non-geometric backgrounds in string theory [5,10,18] as well as some approaches to open
strings and D-branes [8, 12] require quantization of Poisson brackets that do not satisfy
the Jacobi identities, so that the corresponding algebras have to be non-associative.
Many examples of non-associative start products with varying degree of generality
have been constructed [2, 8, 12, 16, 17, 19, 20]. However, it still remains unclear which
condition can be used instead of the associativity in this context. The alternativity
condition (total antisymmetry of the associator) may seem a natural choice that has been
widely discussed in the literature, see e.g. [6, 15, 16]. Despite many efforts not a single
example of an alternative non-associative star product has been constructed. Moreover,
according to [7] the so-called monopole star products cannot be alternative.
In this paper we study the deformation quantization algebras that are called nearly
associative in the monograph [25]. These are alternative, right alternative and flexible
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algebras. They are defined by requesting that the associator is anti-symmetric in all
arguments (alternative algebras) or anti-symmetric in some pairs of arguments (right
alternative and flexible algebras). First, we analyze the Poisson bracket. It has been
demonstrated in [15] that for an alternative deformation quantization the Poisson bracket
has to satisfy the Malcev identity. Here we prove a stronger statement that the Jacobi
identity has to be satisfied in this case. Then, by using the Kleinfeld Theorem, we show
that right alternative deformation quantization algebras are alternative. Our main result
is that alternative star products are associative under very general assumptions. The
situation with flexible algebras is very different: as we show for any Poisson bracket there
is always a flexible star product.
2 Main definitions
Throughout this paper we shall deal with C∞ functions on Rn and thus with C∞ struc-
tures. A smooth bivector field P defines a Poisson bracket1 of smooth functions f and g
as
{f, g} = P (df, dg) = P ij∂if · ∂jg (1)
which makes C∞(Rn) with the usual point-wise product f ·g a Poisson algebra, {f, g ·h} =
{f, g} · h+ g · {f, g}. Let us define the Jacobiator as
{f, g, h} = {f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} . (2)
Any Poisson bracket is anti-symmetric, while any Jacobiator is totally anti-symmetric in
all its’ arguments. If a Poisson bracket satisfies the Jacobi identity {f, g, h} = 0, we call
it a Poisson-Lie bracket.
Frequently, the Poisson bracket for a generic bivector is called a quasi Poisson bracket,
while the name Poisson bracket is used for Poisson-Lie brackets. We believe that our
terminology (borrowed from the literature on nonassociaitve algebras) reflects better the
underlying algebraic structure, especially since another type of the brackets is going to
be introduced in the next section.
As in the classical paper [3], we define the star product as a product on the space of
formal power series C∞(Rn)[[λ]] by the formula
f ⋆ g = f · g +
∞∑
r=1
λrCr(f, g) , (3)
where Cr’s are bidifferential operators, and
C1(f, g) = {f, g} . (4)
1Summation over repeated indices is understood.
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Bidifferential operators are supposed to be differential, rather that pseudo-differential,
operators in each of the arguments. Thus, the operators Cr(f, . ) and Cr( . , g) are
local. We shall denote the coefficients in front of λp in the formal expansion of elements
of C∞(Rn)[[λ]] by subscripts in round brackets, f =
∑
∞
r=o λ
rf(r).
Equivalence of two star products ⋆ and ⋆′ means an algebra isomorphism that preserves
the antisymmetrized part of C1. Since both star products should be expressed through
bidifferential operators, we are left with the equivalence through Kontsevich gauge trans-
formations [14] D(f ⋆′ g) = (Df) ⋆ (Dg) where D = 1+
∑
r=1 λ
rDr with some differential
operators Dr.
One may add a symmetric part to C1(f, g), but such a part can be removed by passing
to an equivalent product [9]. We also request that the unit function remains a unity of the
deformed algebra. For associative deformations this is always true up to an equivalence [9].
We shall call C∞(Rn)[[λ]] endowed with a star product satisfying (3) and (4)and with
a unity given by the unit function a deformation quantization algebra (DQA).
Let us define an associator A(f, g, h) through the equation
A(f, g, h) = f ⋆ (g ⋆ h)− (f ⋆ g) ⋆ h . (5)
An DQA is called associative if
A(f, g, h) ≡ 0 . (6)
There are three important classes of nearly associative algebras [25]. A DQA is alternative
if A(f, g, h) is totally anti-symmetric in all arguments, and it is flexible if
A(f, g, f) ≡ 0 . (7)
A DQA is called right alternative if it has the following identities
A(f, g, g) = 0 , (8)
((f ⋆ g) ⋆ h) ⋆ g = f ⋆ ((g ⋆ h) ⋆ g) . (9)
In a unital algebra, the second identity (9) (called the right Moufang identity) implies the
first one (8).
3 Poisson-Malcev bracket
It was demonstrated in [15] that if a DQA is alternative, the corresponding Poisson bracket
has to satisfy the Malcev identity
{h, f, {h, g}} = {{h, f, g}, h} , (10)
which makes it a Poisson-Malcev bracket. Here we prove the following
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Lemma 1 Every Poisson-Malcev bracket is a Poisson-Lie bracket.
Proof. For any Poisson-Malcev bracket one can prove the identity [21, Corollary 1]
{f, g, h} · {f, g} = 0. (11)
By a partial linearization, g → g + d, it can be transformed to another identity
{f, g, h} · {f, d}+ {f, d, h} · {f, g} = 0. (12)
In a local coordinate system
{f, g, h} = J ijk(x)∂if ∂jg ∂kh , (13)
where
J ijk = P il∂lP
jk + P jl∂lP
ki + P kl∂lP
ij. (14)
Let us suppose that the Jacobiator is not identically zero. Then, there is a point x0 ∈ R
n
and there are three vectors v1, v2 and v3 in the cotangent space T
∗
x0
such that
J(x0)(v1, v2, v3) = J
ijk(x0)v1,iv2,jv3,k 6= 0. (15)
Moreover, by (14), at least one of the vectors, say v1, should have a non-zero contraction
with P (x0). This means that there is another vector v4 ∈ T
∗
x0
such that
P (x0)(v1, v4) 6= 0. (16)
By taking f = v1,j(x
j − xj0), g = v4,j(x
j − xj0), h = v3,j(x
j − xj0) and d = v2,j(x
j − xj0) in
some vicinity of x0, we obtain from (11) and (12), respectively
P (x0)(v1, v4)J(x0)(v1, v4, v3) = 0,
P (x0)(v1, v4)J(x0)(v1, v2, v3) = −P (x0)(v1, v2)J(x0)(v1, v4, v3).
This equations clearly contradict (15) and (16). Thus, {f, g, h} should vanish identically
meaning that the bracket is a Poisson-Lie one.
Some restrictions on Jacobiator following from the Malcev identity were obtained
previously in [11].
4 Alternative and right alternative algebras
We start this section with a very simple but important statement.
Lemma 2 A DQA does not have nilpotent elements.
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Proof. Suppose that there is a non-zero element f in C∞(Rn)[[λ]] such that fk⋆ = 0,
k ∈ N. (The power is calculated with the star product). Let λrf(r) be the lowest non
vanishing order in the λ-expansion. Then, fk⋆ = λ
rkfk(r)+O(λ
rk+1), where fk(r) is computed
with the point wise product. Since fk(r) = 0 implies f(r) = 0, we have a contradiction.
The case of right alternative algebras may be treated with the help of the following
Theorem [25].
Theorem 3 (Kleinfeld) Every right alternative algebra without nilpotent elements is
alternative.
Together with the Lemma 2 this Theorem implies that any right alternative DQA is
alternative.
We are going to demonstrate in this section that alternative DQAs are almost always
associative. To this end, let us study restrictions on the associator. Alternative algebras
have a number of identities. One of them reads [25, p. 149]
(
A([g, h]2⋆, r, s)
)2
⋆
= 0 , (17)
where
[g, h] := g ⋆ h− h ⋆ g. (18)
By Lemma 2, the identity (17) yields another identity
A([g, h]2⋆, r, s) = 0 . (19)
Due to the results of previous section, we may use the heavy machinery of Poisson ge-
ometry2 [22]. In particular, the Wienstein splitting Theorem [22–24] affirms (after being
translated to our terminology) that if {., .} is a Poisson-Lie bracket, each point x0 has an
open neighborhood U with a centered coordinate chart (qa, pa, yα) such that
{f, g} =
∑
a
(
∂qaf∂pag − ∂qag∂paf
)
+
∑
α,β
ϕαβ(y)∂yαf∂yβg (20)
and ϕαβ vanishes at x0. It is important, that if the Poisson-Lie bivector does not vanish
at x0, there is a least one pair of the coordinates of the type q
a, pa, call it (q1, p1). For any
given smooth function ψ there is always a function g ∈ C∞(Rn) such that the differential
equation
∂q1g =
1
2
ψ
holds in U . Thus, by taking h = p1 in U , we conclude that for any smooth ψ there is a
pair g, h such that on U
{g, h} = 1
2
ψ and [g, h] = λψ +O(λ2) . (21)
2We should again warn the reader on some terminology mismatch between the present paper and some
other literature, e.g. [22, 23].
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Let us now show that any element of the algebra can be approximated near x0 by a
sum of squared commutators and constants. Take arbitrary f ∈ C∞(Rn)[[λ]] and consider
its’ formal expansion f = f(0)+
∑
∞
l=1 λ
lf(l). Let us fix some positive integer k and request
that
f =
k∑
l=0
(
λlcl + λ
l−2[gl, hl]
2
⋆
)
+O(λk+1) (22)
in U for some constants c1 and functions gl, hl. From now on we need U being bounded.
If it is not, we may pass to a bounded sub-neighborhood of x0 without affecting any of
the statements made above. At the zeroth order of λ Eq. (22) reads
f(0) = c0 + ([g0, h0](1))
2 . (23)
f(0) is a smooth function R
n. Thus it is bounded on (a bounded domain) U . The constant
c0 can be used to shift f(0) away from 0 on U , so that the square root
√
f(0) − c0 = [g0, h0](1) (24)
is smooth. Thus, by (21), there is a pair of functions g0, h0 such that eq. (23) is satisfied,
and (22) is true to the order λ0. In a similar manner, one shows that the order j of Eq.
(22)
f(j) = cj + ([gj , hj](1))
2 +
j−1∑
m=0
(
[gm, hm]
2
⋆)(j−m+2) (25)
can be satisfied by a suitable choice of cj , gj and hj.
By substituting (22) in the identity (19) one shows, that on U the associator of three
arbitrary functions f , r and s vanishes at least to the order k:
A(f, r, s)(j) = 0 for j ≤ k. (26)
Since k is arbitrary, one can take the limit k →∞ (which is an honest limiting procedure
in the λ-adic topology of C∞(Rn)[[λ]]) to obtain
Lemma 4 Let P be a Poisson-Lie bivector which does not vanish at some point x0 ∈ R
n.
Then there is an open neighborhood U of x0 such that for arbitrary alternative DQA that
quantizes P the associator vanishes in U .
There two possible ways to make the statement of Lemma 4 global. First, consider
the case when P is non-vanishing almost everywhere (on a dense subset of Rn). Since
A(f, r, s) is a continuous function for any smooth f , r and s, one can extend the identity
A(f, r, s) = 0 to the whole Rn by continuity.
In the case which is opposite to the one mentioned in the previous paragraph, P
vanishes identically in some ball in Rn. However, if we assume that the symbols of
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bidifferential operators Cr are local polynomials of P and its’ derivatives, all Cr(f, g)
vanish in the ball. Thus, only the point wise term remains in the star product (3), so that
the associator vanishes as well.
We arrive at the main result of this paper.
Theorem 5 Suppose that an alternative DQA satisfies at least one of the following con-
ditions.
(a) The bivector P is non-vanishing on a dense set in Rn.
(b) The symbols of bidifferential operators Cr are local polynomials of P and its’ deriva-
tives.
Then such DQA is associative.
Note that if an alternative DQA does not satisfy the condition (b), but an equivalent
algebra does, both algebras are associative. Thus, the family of star products to which the
condition (b) applies is indeed very large. For example, by the Kontsevich Theorem [14]
all associative star products are in this family.
Theorem 5 implies Theorem 1 of [7] as a particular case.
5 Flexible algebras
To discuss the case of flexible algebras, we need a characteristic property of these algebras
[1], see also [4]. Let B be some algebra with the product x, y 7→ xy. Define another algebra
B+ on the same linear space with a symmetrized (Jordan) product x ◦ y = xy + yx. The
algebra B is flexible if and only if the commutator [x, y] = xy − yx is a derivation of
B+. As has been noticed in [7], precisely this property makes flexible algebras physically
relevant: one can consistently define the evolution equations on B+ with the help of
commutator in B.
In contrast to the case of alternative star products, flexible but non-associative star
products do always exist. For example, the product
f ⋆ g = f · g + λ{f, g}. (27)
with Cr ≡ 0 for r ≥ 2 is flexible for any bivector P and is not associative even if P is
Poisson-Lie.
We are not aware of any other examples of flexible DQAs.
6 Conclusions
In this paper, we analyzed nearly associative algebras as candidates for DQAs. We have
demonstrated that alternative DQAs require Jacobi identity on the Poisson structure,
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which makes them useless in the context of non-geometric fluxes in string theory. More-
over, under very general assumptions alternative and right alternative DQAs are asso-
ciative. From a practical point of view, this means the end of the story of alternative
deformation quantization. On the contrary, a flexible deformation quantization exists for
any Poisson bracket.
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